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The production of the three normal neutrinos via e−e+ collision at Z-boson peak (neutrino
production in a Z-factory) is investigated thoroughly. The differences of νe-pair production from
νµ-pair and ντ -pair production are presented in various aspects. Namely the total cross sections,
relevant differential cross sections and the forward-backward asymmetry etc for these neutrinos are
presented in terms of figures as well as numerical tables. The restriction on the room for the mixing
of the three species of light neutrinos with possible externals (heavy neutral leptons and/or stereos)
from refined measurements of the invisible width of Z-boson is discussed.
PACS numbers: 13.20.He, 13.25.Ft, 13.25.Hw, 14.40.Lb, 14.40.Nd
I. INTRODUCTION
An electron-positron collider, running at the peak of
Z-boson i.e. at the center mass energies around Z-boson
mass, is called as a Z-factory, so neutrino production in
such a Z-factory is just the production via e−e+ colli-
sion at Z-boson peak. In fact, since at a Z-factory the
production of all kinds of Standard Model (SM) fermion-
antifermion pair (except t-quark pair) is mainly via Z
boson s-channel annihilation, so it is greatly enhanced
by the resonance effects of the Z-boson, i.e. the cross-
sections of the production appear a peak at collision CM
energy around Z-boson mass, moreover, the production
at leading order is of two body in final state, so the pro-
duced fermion and anti-fermion have definite momentum
and energy. Considering the characteristics, the produc-
tion of the three kinds of normal light neutrinos is ex-
pected to be interesting, e.g. the restriction on the room
for the mixing of the light neutrinos with externals, and
to answer whether or with what a luminosity of the Z-
factory the produced neutrinos may be detected with an
accessible detector, even used as a mono-energy neutrino
source etc.
Of the production of the three kinds of normal light
neutrinos, the νeν¯e pair production is special: it is pro-
duced via the interference of the Z boson s-channel an-
nihilation and W boson t-channel exchange, although of
the rest two species, the production of νµν¯µ and ντ ν¯τ ,
is via the Z boson s-channel annihilation as the other
fermions (quarks, muon and τ -lepton). Moreover, if the
invisible width of Z-boson measured at Z-factory indeed
is due to the contributions from neutrino production and
it may be measured accurately enough, then not only
the number of the light neutrino species may be realized,
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but also one may see how big a ‘room’ still left in the
invisible width for the mixing of the normal light neutri-
nos with possible external one(s), whereas the possible
mixing is an absorbing topic on neutrino physics[1–4].
To determine the number of the light neutrino species
and to examine the room left for mixing with externals
both is to compare the invisible width of Z-boson mea-
sured at Z-factory experimentally with the contributions
from production of each specie of the neutrinos, which
are estimated theoretically. Thus we are now interested
in studying the production of the three species of the
neutrinos in a Z-factory theoretically with care.
The earlier Z-factories, such as LEP-I and SLC, run
just under a luminosity of 1031 cm−2s−1 and via mea-
suring the ‘invisible width’ of the Z boson, the valuable
conclusion that there are three species of light neutrinos
is obtained. Namely the effective number of light neu-
trino species: Nνeff = R
0
inv(
ΓZ
ll¯
ΓZνlν¯l
)
SM
= 2.9840±0.0082 is
obtained via the experimental measurements of invisible
width ratio of Z-boson: R0inv ≡ Γ
Z
inv
ΓZ
ll¯
= 5.943± 0.016 at
the earlier Z-factories[5, 6]. Here if ignoring the errors,
here the effective number of light neutrino species being
not an integer and smaller than three means the light
neutrino species can be three but there is some room left
for the mixture of the light neutrinos with external(s).
If a new Z-factory, called as a super one, with a lumi-
nosity around 1035 ∼ 1036 cm−1s−1 and proper improved
detectors, that is accessible now under the present tech-
nology, is expected to be built, the invisible width of Z-
boson will be measured more accurately (the errors are
expected to be suppressed greatly), so the conclusion on
the room left for light neutrinos mixing with externals
will be improved. Bearing the possible progress in col-
lider and detectors in mind, in this paper we will, based
on SM, precisely calculate the neutrino production, and
with the precise and fresh results we will discuss (explore)
the meaning of refined measurements of the neutrino pro-
duction in a super Z-factory with proper detectors in
2future.
The paper is organized as follows: after INTRODUC-
TION in section II, we present formulas of the neutrino
production at a Z-factory; in section III we present the
numerical results for the neutrino production; the sec-
tion IV is to contribute to understanding the results and
discussions.
II. NEUTRINO PAIR PRODUCTION AT
Z-FACTORY
The neutrino production at a Z-factory[7, 8]:
e− e+ → νi ν¯i (i = 1, 2, 3) ;
where
νi =
∑
j=e,µ,τ
Vij νj ,
where Vij is the elements of neutrino mixing matrix. The
Standard Model (SM) gives rise to the relevant interac-
tion between Z-boson and leptons:
Lint = gZµJµZ , (1)
where JµZ , the so-called ‘weak neutral current’, is
JµZ =
1
2 cos θw
∑
i=e,µ,τ
[
ν¯iγ
µ 1− γ5
2
νi
+ψ¯iγ
µ(−1
2
+ 2 sin2 θw +
γ5
2
)ψi
]
.
Here another relevant interaction is that between W±
and leptons:
Lint = g(W+µ JµW +W−µ Jµ†W ) (2)
where JµW , the charged weak current, is
JµW =
1√
2
∑
i=e,µ,τ
ν¯iγ
µ 1− γ5
2
ψi .
At the tree level, there are two relevant Feynman dia-
grams for the process e−e+ → νeν¯e, which are shown in
Fig.1. For the processes, e−e+ → νlν¯l (l = µ, τ), there is
one Feynman diagram only which is shown in Fig.2. It is
straightforward to write down the amplitudes according
to the diagram(s). We have
iM = i
2g2
2!
(I + II)
where
I = − D
(Z)
µν (q)
2 cos2 θw
u¯(k)γµ
1− γ5
2
v(k′)
· v¯(p′)γµ
(
−1
2
+ 2 sin2 θw +
γ5
2
)
u(p) ;
e
− e
+
ν
e νe
Z
0
e
− e
+
ν
e νe
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−
FIG. 1: The Feynman diagrams for the process e−e+ → νeν¯e
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FIG. 2: The Feynman diagram for the process e−e+ → νlν¯l
(l = µ, τ ).
II = D(W )µν u¯(k)γ
µ 1− γ5
2
u(p) v¯(p′)γν
1− γ5
2
v(k′) ,
and q = p+p′ = k+k′. Namely now the whole amplitude
for the process e−e+ → νeν¯e is shown
iM = g
2
2
(
D
(Z)
µν (q)
2 cos2 θw
u¯(k)γµ
1− γ5
2
v(k′)
v¯(p′)γν
(
−1
2
+ 2 sin2 θw +
γ5
2
)
u(p)
−D(W )µν (q′) u¯(k)γµ
1− γ5
2
u(p) v¯(p′)γν
1− γ5
2
v(k′)
)
.
Here to do the calculation, we take the unitary gauge for
weak bosons, so the propagator for Z-boson:
D(Z)µν (q) =
i(−ηµν + qµqν/m2Z)
q2 −m2Z + iΓZmZ
,
and that for W -boson:
D(W )µν (q) =
i(−ηµν + qµqν/m2W )
q2 −m2W + iΓWmW
.
Here ΓZ , mZ and ΓW , mW appearing in the denom-
inators are the total widths, masses of Z and W bo-
son respectively. Whereas the amplitude for the process
e−e+ → νlν¯l (l = µ, τ) is shown
iM = g
2
2
D
(Z)
µν (q)
2 cos2 θw
u¯(k)γµ
1− γ5
2
v(k′)
v¯(p′)γν
(
−1
2
+ 2 sin2 θw +
γ5
2
)
u(p).
Hence the differential cross-sections for unpolarized in-
coming beams are related to the amplitudes via
dσ =
1
2E12E2|v1 − v2|
∑
spins
|M|2 dΠ ,
3i.e. in C.M. system for the process e−e+ → νeν¯e it is
dσ
dΩ
=
α2s
16sin4θw
[
cos4 θ2(
s sin2 θ2 +m
2
W
)2
+ Γ2Wm
2
W
−(2− 1
cos2 θw
)
·
[
ΓZmZΓWmW − (s−m2Z)
(
s sin2 θ2 +m
2
W
)]
cos4 θ2
[(s−m2Z)2 + Γ2Zm2Z ] ·
[(
s sin2 θ2 +m
2
W
)2
+ Γ2Wm
2
W
]
+
1
cos4 θw
sin4 θw sin
4 θ
2 + (
1
2 − sin2 θw)2 cos4 θ2
(s−m2Z)2 + Γ2Zm2Z
]
; (3)
for the process e−e+ → νlν¯l (l = µ, τ) it is
dσ
dΩ
=
α2s
sin4 2θw
sin4 θw sin
4 θ
2 + (
1
2 − sin2 θw)2 cos4 θ2
(s−m2Z)2 + Γ2Zm2Z
, (4)
where
g =
e
sin θw
, α =
e2
4pi
are adopted. Moreover, from Eq.(3) one may see that the
contributions to the cross-section from t-channel of W -
scattering and s-channel of Z-annihilation are destruc-
tive.
The total cross-sections can be calculated by integrat-
ing the relevant differential ones respectively.
To calculate out the cross-sections numerically, we
take the parameters, which appear in the formula, from
PDG[6]:
mZ = 91.1876GeV , ΓZ = 2.4952GeV ,
mW = 80.385GeV , ΓW = 2.085GeV ,
sin2 θW = 0.23116 ( or 0.2231) , α = 1/127.944 ,
mνe ≃ mνe ≃ mνe ≃ 0.0 eV , (5)
i.e. the values of the parameters are taken to be renor-
TABLE I: Total unpolarized cross sections vs the c.m. energy√
s, where σ1 denotes the results with sin
2 θW = 0.2312, while
σ2 denotes those with sin
2 θW = 0.2231. νl denotes νµ and
ντ .
√
s [GeV] 89 90 91 92 93 94
σ1(νeν¯e) [nb] 0.8101 1.8814 3.8314 3.0146 1.4988 0.8305
σ1(νlν¯l) [nb] 0.9477 2.0470 3.8769 2.8379 1.3134 0.6779
σ2(νeν¯e) [nb] 0.8514 1.9834 4.0500 3.1943 1.5916 0.8836
σ2(νlν¯l) [nb] 1.0023 2.1648 4.1001 3.0013 1.3890 0.7170
malization at Z pole1. Precisely the values of the total
1 Here we do the calculation only at tree level, thus to have com-
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FIG. 3: The dependence of the total unpolarized cross-
sections on the C.M.S. energies: the dished curve is those
of the processes e−e+ → νlν¯l (l = µ , τ ) and the solid curve is
that of the processes e−e+ → νeν¯e.
unpolarized cross-sections vs C.M.S. energies
√
s are col-
lected in TABLE I, and the curves of the cross-sections
are plotted in FIG.3. In order to see the the difference
between the production of e−e+ → νeν¯e and that of
e−e+ → νlν¯l (l = µ , τ), we also plot ∆σ, the differ-
ence in total cross-sections, vs
√
s in FIG.4. From
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FIG. 4: The difference ∆σ in the total cross sections between
those of e−e+ → νeν¯e and e−e+ → νlν¯l (l = µ, τ ). Here
∆σ = 0.0 is located at
√
s ≃ 91.163GeV (mZ).
the table TABLE I and the figures FIG.3, FIG. 4 we
may see that i). The difference caused by a different
value of sin2 θW is remarkable; ii). The differences be-
tween the total cross-sections for process e−e+ → νeν¯e
and for processes e−e+ → νlν¯l, l = µ , τ are tiny at the Z-
pole, but become sizable when C.M. energy
√
s is away
from the Z-pole. The differences are the consequences
paratively better results we take the values renormalized at Z-
pole for the parameters, but to see uncertainties and for com-
parison, when doing the calculation of the total cross-sections
we take a different value of sin2θW , i.e. sin
2θW = 0.23116 and
sin2θW = 0.2231 in different renormalization schemes in cases.
Whereas in the rest calculations of the paper without declara-
tion, we will take sin2θW = 0.23116 only.
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FIG. 5: The differential cross-sections for the production
e−e+ → νlν¯l. The solid curve denotes all the production
at
√
s = mZ . The upper and lower dashed curves denote
the production for l = e at
√
s = mZ ± 0.5ΓZ respectively.
The upper and lower dot-dashed curves denote the produc-
tion for e−e+ → νµν¯µ or e−e+ → ντ ν¯τ at
√
s = mZ ± 0.5ΓZ
respectively.
of the interference of Z-annihilation and W -exchange for
e−e+ → νeν¯e (see FIG.1) and there is Z-annihilation only
for e−e+ → νlν¯l, l = µ , τ (see FIG.2); iii). The inter-
ference of the Z-annihilation and the W -exchange in the
process e−e+ → νeν¯e) is ‘constructive’ when
√
s ≥ mZ ,
but it is ‘destructive’ when
√
s ≤ mZ (FIG.4). To see
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FIG. 6: The forward-backward asymmetry AFB for e
−e+ →
νlν¯l as a function of
√
s. The solid curve presents that of the
production of e−e+ → νeν¯e, and the dashed curve presents
that of the production of e−e+ → νµν¯µ or e−e+ → ντ ν¯τ .
the characters of the production, we have also calculated
the differential cross-sections at three C.M. energies for
the processes e−e+ → νlν¯l, l = e , µ , τ numerically in
C.M.S., and plot them vs the angle θ between the direc-
tions of the electron beam and the produced neutrinos
in FIG.5. From the figure one may see that the differen-
tial cross-sections are clearly asymmetric in forward and
backward. They are favoured in forward direction and
have a minimum at θ ≈ pi/2. To highlight the asym-
metry, we plot AFB ≡ (
∫
1>cosθ>0
−
∫
0>cosθ>−1
)dσ
∫
1>cosθ>−1
dσ
vs the
C.M. energy
√
s = Ecm around Z-boson mass mZ in
FIG.6. It is interesting that owing to the interference
of Z-annihilation andW -exchange the forward-backward
asymmetry AFB of the production e
−e+ → νeν¯e changes
sign from minus to plus as the collision energy increasing,
but that of the production e−e+ → νeν¯e keeps constant
(see FIG.6).
III. CONCLUSIONS AND DISCUSSIONS
The differential cross-sections for the neutrino pair pro-
duction: e−e+ → νeν¯e, e−e+ → νµν¯µ and e−e+ → ντ ν¯τ
around the CM energy region of Z-boson mass (at a
Z-factory) are studied thoroughly. Since there are two
Feynman diagrams: t-channel exchange and s-channel
annihilation contributing to the first process (FIG.1), but
there is only one Feynman diagram, s-channel annihila-
tion contributing to the second and third ones (FIG.2),
thus we have paid more attention on the differences
among the processes. Since the processes being con-
cerned around
√
S ≃ mZ , the t-channel exchange dia-
gram’s contribution is much smaller than that from the
s-channel annihilation. The differences between the pro-
duction e−e+ → νeν¯e and e−e+ → νµν¯µ or e−e+ → ντ ν¯τ
are tiny at Z-boson peak, but become visible when off
the peak (FIGs.3-5 and TABLE.I). Namely the shape
of the Z-boson resonance for the production process
e−e+ → νeν¯e around the Z-boson peak is distorted by
the two diagram interference in certain degree. There-
fore we think that the facts described here should be
treated very carefully, especially when someone consid-
ers the room left for the mixing of the three light neutri-
nos with heavy neutral leptons and/or stereos via taking
the invisible width of Z-boson into account. Precisely we
mean that if one would like to obtain the effective num-
ber Nνeff of the light neutrino species and to suppress the
relevant errors, the way to obtain it via the data of the
earlier Z-factories[5, 6] below:
Nνeff = R
0
inv(
ΓZ
ll¯
ΓZνl ν¯l
)
SM
= 2.9840± 0.0082 ,
R0inv ≡
ΓZinv
ΓZ
ll¯
= 5.943± 0.016
should be added the distortion effects being affected care-
fully.
Since the neutrino-antineutrino pair production by
electron-positron annihilation at Z-boson resonance is of
a two-to-two body process and with resonance enhance-
ment, so the produced neutrino and antineutrino at a Z-
factory are productive and of mono-energy. Moreover Z-
boson mass is quite heavymZ ≃ 91.2GeV, so roughly the
energy of the produced neutrino Eν =
mZ
2 ≃ 45.6GeV
(tens GeV order). Thus the produced neutrinos with the
character: a quite high energy and mono-energy, seems
may find some special usages in principle.
5Based on the estimates of the production cross-sections
in this paper (TABLE.I) and the differential cross-
sections (FIG.5) quantitatively, one may realize that in-
deed the cross-section is greater in the forward direction
than those in the other directions, thus if the produced
neutrinos are considered as beams in directions then the
beam intensity in forward direction is biggest. Namely,
considering the cross-sections of neutrino with matters
are very tiny, if one would like to detect the produced
neutrinos directly and successfully, then the most hopeful
way is to put the detector at the forward direction. More-
over, the production cross-sections at a Z-factory are in
the order of a few nb as shown in TABLE.I and FIG.5,
therefore only when the luminosity of the Z-factory is
higher than 1036 cm−2s−1, so that the flux of the pro-
duced neutrinos may be great enough for an accessible
detector2. But considering the possible progress in tech-
nology on Z-factory and the detectors, one may dream
to apply the mono-energy neutrinos produced at a Z-
factory to doing experiments on neutrino physics one day
in future.
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2 The cross-sections of the energetic neutrinos (several tens GeV in
energy) colliding with common matter are so small in the magni-
tude order of 10−36 ∼ 10−37cm2, so even with a huge detector,
e.g. a detector with 10km long (thickness), the neutrinos pro-
duced at a Z-factory can be detected only when the luminosity
of the Z-factory is so high as pointed here, i.e., the intensity of
the produced neutrinos reaches to the ability of the accessible
detector to detect them.
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